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' Lobachewsky geometry simulates a medium with special constitutive relations, 

D l = eo€ lk E k ,B l = /j,o/j I lk H k , where two matrices coincide: e lk (x) = n lk (x). The 
situation is specified in quasi-cartesian coordinates (x,y,z). Exact solutions of the 
Maxwell equations in complex 3- vector E+iB form, extended to curved space models 
within the tetrad formalism, have been found in Lobachevsky space. The problem 
reduces to a second order differential equation which can be associated with an 1- 
■ dimensional Schrodinger problem for a particle in external potential field U(z) = 

Uoe 2z . In quantum mechanics, curved geometry acts as an effective potential barrier 
with reflection coefficient R = 1; in electrodynamic context results similar to quali- 
fy ' tum-mechanical ones arise: the Lobachevsky geometry simulates a medium that 
effectively acts as an ideal mirror. Penetration of the electromagnetic field into the 
effective medium, depends on the parameters of an electromagnetic wave, frequency 
(jj, kf + an d the curvature radius p. 



H ; 1 Introduction 

An aim of the present paper is to obtain exact solutions of the Maxwell equations in 3-dimensional 
Lobachevsky space #3. A coordinate system used is one from the list given by Olevsky [lj, which 
generalizes Cartesian coordinate in flat Euclidean space. 

To treat Maxwell equations we make use of complex representation of these according to the 
known approach by Riemann-Silberstein-Oppenheimer-Majorana [21 El SI E] (see also in [6 - 
30] ) , extended to curved space-time models in the frames of tetrad formalism of Tetrode- Weyl- 
Fock-Ivanenko [3H E21 [33] ; see also in [34J). On the base of this technique, new exact solutions of 
the type of extended plane wave in Lobachevsky space have been constructed explicitly. These 
may be interesting in the cosmological sense; besides, they may be interesting in the context of 
geometric simulating electromagnetic field in a special medium [35], 
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2 Cartezian coordinates in Lobachevsky space 

In Olevsky paper [I], under the number 2 the following coordinate system in Lobachevsky space 
H3 is specified 

x a = (t,x,y,z) , dS 2 = dt 2 -e~ 2z (dx 2 + dy 2 ) - dz 2 , (1) 

the element of volume is given by 

dV = \J—g dxdydz = e~ 2z dxdydz , x,y,z £ (—00, +00) ; 

the magnitude and sign of the z are substantial, in particular, when dealing with localization, 
for example, the energy of the field 

dW = i(E 2 + B 2 )dV = i(E 2 + B 2 ) e~ 2z dxdydz . (2) 

It is helpful to have at hand some detail of the parametrization of the model H3 by x, y, z). 
It is known that this model can be identified with a branch of hyperboloid in 4-dimension flat 
space 



2 2 2 2 2 / o 9 

u - u l - u 2 - u 3 = P ) u = +V P + Vi ■ 

Coordinate in use, x, y, z, are referred to u a by relations 

ui = xe~ z , u 2 = ye~ z , 
u 3 = ±[(e z -e- z ) + (x 2 + y 2 )e- z ], 

u = \[(e z + e- z ) + (x 2 + y 2 )e- z }. (3) 

It is convenient to employ 3-dimensional Poincare realization for Lobachevsky space as inside 
part of 3-sphere 



ii 



m% < + 1 • ( 4 ) 



Quasi-Cartesian coordinates (x, y, z) are referred to qi as follows 

2.r 



Ql 

<12 



x 2 + y 2 + e 2z + 1 
2y 

x 2 + y 2 + e 2z + 1 



x 2 + y 2 + e 2z - 1 

Z Z _|_ yZ _|_ gZZ _|_ ]^ 



Inverses to ([5]) relations are 



1-93 1 - 93 1 - 93 



(6) 
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In particular, note that on the axis q\ = 0, q2 = 0, q £ (—1, +1) relations Q assume the form 

x = , y = 0, e z = 

that is 



i + g 3 

1 - <?3 



43 



+1 



93 



-1 



+oo , 
^+0, 



z - 

z 



+oo ; 
• — oo . 



(7) 



Solutions of the Maxwell equation, constructed bellow, can be of interest in the context 
of description of electromagnetic waves in special media, because the Lobachevsky geometry 
simulates effectively a definite special medium [36], inhomogeneous along the axis z. Effective 
electric permittivity tensor e lk {x) is given by 



whereas the corresponding effective magnetic permittivity tensor is 



1 











1 











e -2z 



(8) 
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e 2z 



(9) 



In explicit form, effective constitutive relations (the system SI is used) are 

D' = e e ik E k , B t = ^ ik H k , 
note that two matrices coincide: e lk {x) = [i lk {x). 

3 Tetrads and Maxwell equations in complex form 

In the coordinate (HJ , let us introduce a tetrad 



One should find Christoffel symbols; some of them evidently vanish: F® c 
, Tqj = 0, remaining ones are determined by relations 



(10) 



1 













1 














e z 













-e~ z 














e 2 





e( fl )/9 = 








-e~ z 














1 













-1 



(11) 



o , r 



00 



J* 



0-1 

-10 



jk 




0-1 
0-10 



L jk 



-22 








e~ 2z 
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Ricci rotation coefficients are (only not vanishing ones are written down) 



7311 



-1 , 



7232 



1 . 



Using the notation 



e p 8 
e p 8, 



{ 

do 



(0) 



{2) W P ~ "(2) : 
Vo = (7010, 7020, 7030 ) = , 
v 2 = (70120;7022,7032) = , 

Po = (7230,7310,7120) = , pi 

P2 = (7232,7312,7122) = (1,0,0) , 



d t , 
e z 8 v , 



e p 8 - 
e p 8 



= d, 



(3) 



e z 8 x 
d z 



vi = (7011,7021,7031) = , 

v 3 = (7013 , 702 3 , 7033) = , 

(7231,7311,7121) = (0,-1,0) , 
P3 = (7233,7313,7123) = ; 



the Maxwell equations in the complex matrix form [3l] read 



a k d( k) + sv + a k sp k - i ( <9 (0 ) + sp - a k sv k ) 



in the used retrad it assumes the form 



-id t + a 1 e z 8 x + a 2 e z d v + a 3 8 z - a l s 2 + a 2 si) 





E + iB 





E + iB 



Matrices involved in (1131) are 



a 



1 

-10 



1 



a 



a 












1 








-1 








1 








-1 


















1 









1 














1 


-1 














-1 





























1 

















-1 









4 Separation of the variables 

Let us use the substitution 





E + iB 



g—iwt & ikix e ik 2 y 



correspondingly eq. (fT4"|) gives 





f(z) 



-co + a 1 e z iki + a 2 e z ik2 + a 3 - a 1 ^ + a 2 s\ 

dz 





fi{z) 
h{z) 
fs(z) 



After simple calculation, we derive a first order system for 

ih e z h + ik 2 e z f 2 + {4- ~ 2 )h = , 

dz 

" {j- z ~ l)/2 + 1*2 /a = , 

-w/2 + - l)/i - ih e z h = , 
-w/ 3 - e z ifca/i + ifei e x / 2 = . 



(16) 



Allowing three last equations in the first one, we get an identity = 0. So, there exist only 
three independent equations (below the notation k\ = a,k 2 = b is used): 



-ib e z h + ia e z f 2 , 



w/i = -(^--l)/ 2 + *6 e z f 3 , 
dz 

w/2 = - l)/i - »a e 2 h , 

az 

With substitutions }\ = e z F 1 (z) , / 2 = e z F 2 (z) , eqs. (fT7|) give 

uf 3 = -ib e 2z Fx + ia e 2z F 2 , 

uFi = -—F 2 +ibh , 

az 

uF 2 = +^-Fx -ia f 3 . 

az 

There exist a particular case readily treatable, when a = 0, 6 = 0, f% = 0: 

d 



dz 
Fi{z) 



-Fo 



ujFo 



., \ VjJZ 



—F 

dz 1 

i =±ie 



(17) 



(18) 



(19) 



which gives 





E + zB 








(20) 



or (let it be ip^' = ut =F 



UJZ 



+ £J3^ = cos(wt =F wz) — i sin(wi =F uz) , 



+ iB^' = ± sin(wi =p wz) ± i cos(a;t =F wz) ■ 

It is easily checked the known presupposed property E^ x B^- 1 = ±e 2 . 

Let us turn back to the generale case (fT8|) , from the first equation it follows 

73 — e i*i H 



|(±) 



(21) 



(22) 
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and further we get a system for F\ and F 2 

d ab e 2z . „ b 2 e 2z 



dz uj 
, d ab e 



UJ 



2z 



uj 2 — a 2 e 2z 



Fx . 

F 2 



dz uj uj 
With the help of a new variable e 2 = y/u Z, two last are written as 

Z + ab Z) F 2 = +{b 2 Z 2 -uj)F 1 , 

Z(^--ab Z) F x = -(a 2 Z 2 - uj) F 2 . 
aZ 

This system can be solved straightforwardly in terms if Heun confluent functions, 
from (|24p it follows a second order differential equation for F\ 



d 2 F 



a 2 Z 2 + uj dFi 



dZ 2 Z{a 2 Z 2 -uj) dZ 



+ 



+ 



Z 2 a 2 Z 2 



(a 2 + b 2 ) uj 



UJ 



Fi=0, 



here we note additional singular point ar Z = ±y/uj~/a. With the new variable, we get 



2 7 2 



a z Z 



V 



d 2 F 1 



+ 



UJ 



uj ' dy 2 
2 2abuj + (a 2 + b 2 )uj 2 



+ 



1 



1 



+ 



y y- 1 

buj 



dF\ 
dy 



Ay 2 4a 2 y 2a(y-l 

from whence or with the substitution F\(y) = y c gi(y) we arrive at 



Fi = 0. 



dy 2 



+ 



2c + 1 

y 



1 



dgi 
dy 



+ 



uj 2 /A + c 2 



2c - uj 2 /2 -buj/a- b 2 uj 2 /(2a 2 ) -2c + buo/a 



2y 

When c = ±iuj/2, eq. (|2"7|) is simplified 



2(y-l) 



dy 2 



+ 



2c + 1 



y-i 



51 = 0. 



+ 



2c-w 2 /2-6o;/a-6 2 u; 2 /(2a 2 ) -2c + 6w/a 



+ 



2y ' 2(y-l) 

which can be identified with confluent Heun function 

d 2 H 



91=0 



H(a, j3, 7, 5, 77, z) 



dz 2 



+ 



1 + /3 1 + 7 
a H 1 - 

z 2 — 1 



c/2 



+ 



1 a + a/3 -^7-/3-7-277 la7 + /3 + a + 2r/ + 2(5 + /37 + 7 



+ 2 



z- 1 



i? = 



with parameters 



a = , (3 = 2c, 7 
1 2abu + (a 2 + b 2 )uj 2 + 4a 2 



-2, 



1 (a 2 + 6 2 )^ 2 
4 a 2 



Fx = y^/ 2 0, 7 , 5, 77, y) . 



(29) 



Below we will develop a method that makes possible to construct solutions of the system 
(|23jl in more simple functions, solution of the Bessel equation. 

5 Additional studying of the system 

Let us perform a special transformation in (123p (suppose (an — /3m) = 1) 

Fi = a Gi + p G 2 , F 2 =mG 1 +nG 2 ; 

G 1 =nF 1 -pF 2 , G 2 = -mF 1 +aF 2 . (30) 
Combining equations from (f23l) . we get 

n Z (-^ - a6 Z) F x - (3 Z (A + a6 Z) F 2 = -n (a 2 Z 2 - w) F 2 -(3 {b 2 Z 2 - u) F x , 
dZ dZ 

-mZ (jL-abZ) F x + a Z (-^ + ab Z) F 2 = m (a 2 Z 2 - u) F 2 + a (b 2 Z 2 - u) Fx , 

from whence it follows 
d 



-Z 2 (na 2 F 2 + (3b 2 F x ) + uj (nF 2 + /3F X ) 



Z — Gi - Z 2 ab {nF x + f3F 2 ) 

(iZl 

Z ^-G 2 + Z 2 ab {mFx + aF 2 ) = Z 2 (ma 2 F 2 + a6 2 Fi) - u (mF 2 + aFi) 



Taking into account (|30|) . eqs. (|3Tj) reduce to 

Z— — : — Z 2 ab(na + /3m) + Z 2 (a 2 mn + b 2 a(3) — uj{nm + a/3) 



[-Z 2 (an - 6/3) 2 + w(n 2 + /3 2 )] G 2 ) , 



Z-^- + Z 2 ab (m/3 + na) — Z 2 (a 2 mn + 6 2 a/3) + ui(nm + a/3) 
dZ 



G 2 



= [Z 2 (am - 6a) 2 - uj(m 2 + a 2 )] Gi . 
Let us impose additional restriction (there exist two possibilities): 

_ /3 _ a 
n b 



an - 6/3 = 



d 



Z Z 2 ab(na + (3m) + Z 2 (a 2 mn + 6 2 a/3) — ujinm + a/3) 

aZ 



Gi 



+w(n 2 + /3 2 )G 2 ) , 



(31) 



(32) 



Z-— + Z 2 ab(mf3 + na) — Z 2 (a 2 mn + 6 2 a/3) + uj(nm + a/3) 



G 2 



[Z 2 (am - 6a) 2 - w (m 2 + a 2 )] Gi 



(33) 



or 



am — b;a = 



a a 
m b ' 



Z— — — Z 2 ab(na + /3m) + Z 2 (a 2 mn + 6 2 a/3) — uj{nm + a/3) 



Gi 



[-Z 2 (an - 6/3) 2 + u(n 2 + /3 2 )] G 2 ) , 



Z h Z 2 ab(m(3 + na) — Z 2 (a 2 mn + b 2 a(3) + u>(nm + a/3) 

dZ 



G, 



-w(m 2 + a 2 )Gi . 



(34) 



The two variant are equivalent each other, for definiteness we will use the variant (J33J). It can 
be presented in more symmetrical form 



Fi = a d + p G 2 = 
F 2 = m Gi + n G 2 



Gi + 



Va 2 + 6 2 Va 2 + 6 2 

a „ 6 



Va 2 + ft 2 



Gi + 



Va 2 + b 2 



at this eqs. (|18|) assume the form 



d 2 ^ 2 ~ Q 2 

Z— - z aft-; ;r 

dZ b 2 + a 2 



+ Z 2 ab 



b 2 -a 2 
b 2 + a 2 



Z— + Z ab^ -r 

dZ a 2 + b 2 



Z 2 



Z z ab- 



+ b 2 



+w( 



+ w(- 



a& 



+ 



G 2 , 
G2 ; 



2 + b 2 a 2 + b 2 



Gi 



+ 



a 2 + b 2 a 2 + b 2 
ab ab 



+ 



Va 2 + b 2 Va 2 + 6 2 



) 2 "-( 



a 2 + b 2 a 2 + 6 2 
a 2 b 2 



+ 



a 2 + b 2 a 2 + b 2 



)G 2 ), 

G 2 
Gi , 



that is 



Z Gl = U ° 2 ' Z-^G 2 = [Z 2 (a 2 + b 2 )-u]G 1 . 



Prom (|36|) we derive a second order equation for G\ 
o d 2 „ d 



^ 2+ Z^ + . 2 - W (a 2 + 6 2 )Z 2 )G 1 = 0. 



(35) 



(36) 



(37) 



To understand better the physical meaning of the equation (|37p . it is convenient to translate 
the equation to variable z, then it reads 



Z. 



^+co 2 -(a 2 + b 2 )e 2z )a l -0. 



(38) 
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It can be associated with the Schrodinger equation 

+ c - U(z)\ <p( z ) = (39) 

with potential function U(z) = (a 2 + b 2 )e 2z , and an effective force acting on the left F z = 
—2{a 2 + b 2 )e 2z . Note that when a = ki = 0, 6 = = 0, the effective force vanishes. The 
corresponding quantum-mechanical system can be illustrated by Fig.l. 



U(z) 



Figure 1: Effective potential curve 



Therefore, we should expect properties of the electromagnetic solutions similar to those 
existing in the associated quantum-mechanical problem. 
Let us turn back to eq. ([37|) - in the variable 



x = i ^/co(a 2 + b 2 ) Z = i \J 'a 2 + b 2 e z 
it assumes the form of the Bessel equation 



/ d 2 ld_ u j u? 

\ dx 2 x dx x 2 



Gi = . 



The first order system (136p in variable x takes the form 



x — G\ = U1G2 
dx 

A second order equation for G2 reads 



dx 



OJ 2 + x 2 



d 2 



+ 



1 



2x 



dx 2 x <jj 2 + x 2 dx 
Note that substituting ([35]) 

b „ a 



d x 2 +uj 2 



Va 2 + b 2 Gl + Va 2 + b 2 



Go , Fo 



Go = 



Va 2 + 6 2 Va 2 + b 2 



G 2 



into (|22j) . we get 



•2z 



f 3 = —(-ibF 1 +iaF 2 



Va 2 + b 2 



1 U) 



(40) 



(41) 



(42) 



(43) 
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6 Asymptotic behavior of solutions 

Mostly used for Bessel equation [37] are solutions 
in Bessel's functions 

G[(x) = J + Ux) , Gf (x) = J-to{x) ; (44) 
in Hankel's functions 

G[{x) = H%{x), G{ I (x) = Hfl(x), 

I' Gxix) = H?l(x) , II' G x {x) = H^l(x) ; (45) 

note that H^ u (x) = e~ U7T H^j (x)) , so the primed cases I', II' coincide respectively with II, I 
and by this reason wil not be considered below; 
in Neyman functions 

G[(x) = N +iuJ (x) , Gl 1 (x) = N_ lw (x) . (46) 



For shortness, below the notation +V a 2 + b 2 = 2a is used. First, let us consider solutions 
in Bessel's functions [37] when 

z — > — oo, x = iae z — > iO , 



G{(x) - J + Ux) - ni \ iu) (f ) +lul ~ fjlT^, 



+iwz 



1 r (i a)~ luJ 

GWx) = J^x) = rh . > = ; n J . ; . (47) 

1 (1 — Vjj) 2 ill - iW ) 

In the region z — > +oo, (x = iae z = iX — > ice), using the knows asymptotic formula [37J 

Jiu){x) ~ J— cos ( x - (iuj + i)^ 

V TTX V ^ ^ 



we get 



^ oo) = J +4w (z -, oo) ~ e-/ 4 ' 2 e +x , 

G( 7 (z -> oo) = 3^(z -> oo) ~ e^ 4 J-^— e+<^/ 2 e +x . (48) 

V 

Let us consider solutions in Hankel's functions [37] , determined in terms of J±i W (x) as follows 
H^(x) = + . 1 (e^J +iw (x) - J-Ux)) , 

Sm{tU!TT) 

H%\x) = {e—J + Ux) ~ J-Ux)) . (49) 
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so that z — > — oo, x — > iO , 

G[(x) = Hg\x) = + 



G[ I (x) = H^(x) 



(2)/ 



sin(iw7r) 

i 



+OJ7T 



r(i + iw) 



r(i-iw) 



•\-VU3Z 



(i ay 



sin(io;7r) \ T(l + ioS) 



r(i - iu) 



(50) 



Behavior of them when z —> +00 is governed the known relation [37j 

T 




~ 1 / — exp 

TTX 



H £\x)~J^ ex p 



• / 71 .. 1. 
-1 [ x- ~{%Ui+ -) 



from whence it follows 

z — > +00, a; = iX — > ioo 



G[(x) = H£ (x) ~ e 



-17I-/4 



e+WW /2 e -X 



<-<r <■'•>- /;tY 



e -u«r/2 g +X 



(51) 



Let us consider interpretation of the first type solution: this wave goes from the left, then it 
is partly reflected and partly goes forward through an effective potential barrier but gradually 
damping as z rises. The corresponding reflection coefficient is determined as follows 



G{z) ~ M|e+^ 2 + MLe 



R 



M 1 



M 



1 12 



(52) 



Taking into account identities 

(ia) +i 

{ia)- lU) = (e i7r/ V n<T ) 



{ia) +iui = ( e i7r / 2 e lno ")+ iw = e -^7r/ 2 e + iwlncr 



m/2 p \n — iu> g+aj7r/2g— iu In cr . 



(53) 



we derive 



M 



-f |2 



1 



sin(+ia;-7r) sin(— zw7r) T(l — iu))T(l + ia;) 



I |2 



1 



(54) 



sin(+zw7r) sin(— icon) T(l — iw)r(l + ioS) 
This means that for all solutions of that type the reflection coefficient always equals to 1: 

R = l . (55) 
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Solutions of the second type, rising to infinity as z — > +00, are characterized by 

I M H I 2 

M n e +iuz + M^e-^ , R = I mH L = e Au)n > 1 . (56) 

Finally, let us specify asymptotic behavior of solutions in terms of Neyman functions. They 
functions are defined by [37] 

COs(«W7r) J iu {x) - J- iu {x) 
Niu{x) = — r , 

sin(wJ7rJ 
(x) = ^(x)-cos^vr) J_qx) 
sin(io;7r) 

In the region z — > +00, (x = iX — > ioo), with the use of the known relation [3; 



we get 



G{(x) = N +iw{x) ~ ie+^J^g-^ g x 



2ivrX 



Gf(x) = iV_^(x) ~ +ie+-/4 /_l_ e +-/2 e x (5g) 



In the region 2 — )• —00 their behavior is given by 
G\z) 



it s. _ cosjiujTT) (i o)™ +IUJZ 1 (ia)- 



sin(io;7r) T(l + ioj) sin(iw7r) T(l — iuj) 

G U (z) = i , Jf U X , - CO f^ } I e— . (59) 

sm(zw7r) T(l + zw) sm(zo;7r) T(l — zw) 

For these solutions we have respectively 

p 2unr A 

R 1 



1 _|_ p 4w7T 

^// = e 2^ ( e 2^ + e-toxyt = _L1 . ( 60 ) 



(e 2uJ7T + e - 2tJ7r )/4 ~ 1 + e- 4cJ7r ' 

- e 
"4 

7 On explicit form of the function G2 

The function G\{x) satisfies the Bessel equation 
the second function G^O^) is determined by 



G 2 = -^G 1 . (62) 
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Solutions of the Bessel equation obey the following recurrent formulas |37j 

d 

x-^ F_ iuJ = +iu F^ iu! (x) + iF_ !W _i , (63) 

where F± u stands for 

J±„(s), ffS(x), ^S(x), N ±v (x). 
Therefore, with the help of (|63|) . one can express G2 in terms of the known G\. For instance, 

Gfts) = H%{x) , G|(x) = i H%{x) - * hW +1 (x) , 

G{ J (x) = H^l(x) , G» = i H%{x) - - HjV +1 (x) . (64) 



CO 



Remember that 



FJ — — =Ci H =(jo , 

1 Va 2 + 6 2 Va 2 + 6 2 

= = Gl H = Go , 

2 Va 2 + 6 2 V« 2 + b 2 

fi = —(-ib F{ + ia Fh = + 62 Gi . (65) 

Let us examine asymptotic behavior of G2. Starting with 

= +-7^ (e U7T J+iM) ~ J-Ux)) , 



' sin(iw + l) 

i 

sin(io; + 1) 



sin(w7r) 

- (e^ +1) V +iW+1 (x) - J_(^ + i)(x)) , 



*2hi(*) = - sin( J +lk (e'^J+i^xCx) - J. iiu+1) (x)) , (66) 



with the help of relations 

z — > —00, x — > iO , 



■W*0 ~ , J_(x) ~ -M^ e 

1 (1 + ^u;J 1 (1 — iu) 



we get 

z — > —00, x — > iO , 



_— iuz 



sin(zw7r) \ T(l + iw) T(l — ioj) 



rr{2) ^ 1 (iff)*" D+iw2 _ (j ff)" 



•Mil 



sin(ia;-7r) \ T(l + ioj) T(l — iuj) 
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iuJ+1 sm(iu + 1)tt V r(2 + ioo) r(-iw) 

i (ia)-^- 1 



sin(io; + l)7r T(—iuj) 



sin(ia; + 1)tt \ T(2 + iai) r(— iuS) 

sm(iu + 1)tt T(—iuj) 



So we get 



Gi(x) 



1 



sin(icj7r) 



J+0J7T 



(• ay 



(i a)' 



r(i + iw) r(i-iw) 

2a 1 (io-)-^- 1 

oj sin(io; + l)n T(—iuj) 



Taking into consideration an identity 



(ia) 



—iu)—l 



2a 
+— 



1 



(ia)~ iu (-iu) 



2a 1 
uj sin(iw + 1)tt r(— kS) 



w sin(io;7r) (ia)r(l — ia;) 
one reduces the above relation (1681) to the form 



G[{x) 



1 



sin(io;7r) \ T(l + io>) 
In similar manner one can treat the case 

i ( (i *r . 



e +luJZ + 



sin(io;7r) T(l — ia;) 



G 



77 

2 



sin(ia;7r) 



r(i + iu) 

2a 1 

+ 



r(i-iw) 

(j 

r(i - iw) e 

(io-)-^- 1 



Sin !W7T 



(i a) 4 



a; sin(ia; + l)-7r r(— iw) 



r(l + ia;) 



r(l - iu) 



Behavior of these solutions when z — > +oo is governed the relation 



Hl\x)~\j^ exp 




• ; 7r /- 1' 

-H ( x- -(«o; + ~ 



7T 1 



-2 X 



14 



from whence it follows 



-in/4 



mX 



e +u>n/2 -X 



-in/4 



iirX 



#2-1 (*) ~ 



mX 



exp 



~ — % e 



-in/ 4 



mX 



e +un/2 e -X 



iirX 



exp 



-/ ( iX-^{iu + l + ^) 



+J7T/4 



Therefore, we arrive at the formulas 



mX 



G{{ X )=iHl\x)--H\ 1 J +l { 



e -un/2 e+ X 



le 



-in/ 4 



-in/ 4 



2 e +W7r/2 e -X _ ^_ e -in/4 i 

iirX lo V mX 

G? = iH®{x) 



- e ~u,n/2 e+ X + * e+ in/4 



mX 



to 



mX 



e -un/2 e+ X 



(72) 



(73) 



Evidently, to find asymptotic for G*2 , it is sufficient to make use of the known asymptotic for 
G\. For instance, 



G , 



1 d 



uj dz sin(ia;7r) \ T(l + ioS) 



e +wn ( ia ) iU1 e +icoz _ (j gO 



r(i-tw) 



i 



sin(io;7T) \ T(l + iu>) 



r(i-iw) 



(74) 



which coincides with (JTOj) . It is a superposition of two plane waves with reflection coefficient 
R = l, 



8 Concluding remarks 

In accordance with (|39l) . an equation below 

uj 2 = U{z) u 2 = (a 2 + b 2 )e 2zo (75) 

determines a critical point zo in which behavior of the function Gi(x) must change dramatically. 
To such a point zq there corresponds 

x = i\J a 2 + 6V° = . (76) 
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In order to examine behavior of solutions in vicinity of xq, it is convenient to introduce a 
new coordinate 

■ /-, \ did 

x = Xq + iuj u = IUJ{1 + u) , — = — ; (77) 

dx iuj du 

eq. (|30"]) for G\(x) assumes the form 

(^ + ^-" 2+ afV) G -°- (78) 

Close to u = 0, we have 

f d 2 d 



that is 

G 1 = e Bu , B 2 + B = 0, 5 = 0,-1, 



physically interesting is the choice B = —1. 

To such a critical value xq = iuj, there correspond 



j: K , k 2 + k 2 e z ^ Zq = 1q . ( 80 ) 

V fc l + k 2 

in usual units, this relation reads 

Z0 = pln ^7fTl' (81) 



where p is a curvature radius of the Lobachevsky space. 



Let us summarize results. 



Lobachevsky geometry simulates a medium with special constitutive relations. 
The situation is specified in quasi-cartesian coordinates (x,y,z). Exact solutions of 
the Maxwell equations in complex 3-vector E + iB form, extended to curved space 
models within the tetrad formalism, have been found in Lobachevsky space. The 
problem reduces to a second order differential equation which can be associated 
with an 1-dimensional Schrodinger problem for a particle in external potential field 
U(z) = U e 2z . 

In quantum mechanics, curved geometry acts as an effective potential barrier 
with reflection coefficient R = 1; in electrodynamic context results similar to quan- 
tum-mechanical ones arise: the Lobachevsky geometry simulates a medium that 
effectively acts as an ideal mirror. Penetration of the electromagnetic field into the 
effective medium, depends on the parameters of an electromagnetic wave, frequency 
u, k\ + k 2 , and the curvature radius p - see ([5T]) . See illustrations in Fig. 2,3. 
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